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Abstract 

We first recall some basic definitions and facts about Jacobi manifolds, generalized Lie bialge- 
broids, generalized Courant algebroids and Dirac structures. We establish an one-one correspon- 
dence between reducible Dirac structures of the generalized Lie bialgebroid of a Jacobi manifold 
(M, A, E) for which 1 is an admissible function and Jacobi quotient manifolds of M. We study 
Jacobi reductions from the point of view of Dirac structures theory and we present some examples 
and applications. 

Keywords : Dirac structures, generalized Lie bialgebroids, generalized Courant algebroids, Jacobi 
manifolds, reduction. 

A. M.S. classification (2000) : 53D10, 53D17, 53D20, 58A30. 



1 Introduction 



(N 
(N 
(N 

O 

s 

^ , The concept of a Dirac structure on a differentiable manifold M was introduced by T. Courant and 

' A. Weinstein in [2] and developed by T. Courant in [H]. Its principal aim is to present a unified 

, framework for the study of pre-symplectic forms, Poisson structures and foliations. More specifically, 

' a Dirac structure on M is a subbundle L C TM (B T* M that is maximally isotropic with respect to 

the canonical symmetric bilinear form on TM © T*M and satisfies a certain integrability condition. In 
order to formulate this integrability condition, T. Courant defines a bilinear, skew-symmetric, bracket 
operation on the space r{TM ® T*M) of smooth sections of TM © T*M which does not satisfy the 
Jacobi identity. The nature of this bracket was clarified by Z.-J. Liu, A. Weinstein and P. Xu in fH] 
by introducing the structure of a Courant algebroid on a vector bundle E over M and by extending 
the notion of a Dirac structure to the subbundlcs L C E. The most important example of Courant 
algebroid is the direct sum A(B A* of a Lie bialgebroid {A, A*) over a smooth manifold M f|25p. 

Alan Weinstein and his collaborators have studied several problems of Poisson geometry via Dirac 
structures theory. In |22j . Z.-J. Liu et al. establish an one-one correspondence between Dirac subbundles 
of the double TM®T*M of the triangular Lie bialgebroid (TM, T*M, A) defined by a Poisson structure 
A on M and Poisson structures on quotient manifolds of M . Using this correspondence and the results 
concerning the pull-backs Dirac structures under Lie algebroid morphisms, Z.-J. Liu constructs in |23| 
the Poisson reduction in terms of Dirac structures. 

On the other hand, it is well known that the notion of Jacobi manifold, i.e. a differentiable manifold 
M endowed with a bivector field A and a vector field E satisfying an integrability condition, introduced 
by A. Lichnerowicz in is a rich geometrical notion that generalizes the Poisson, symplectic, contact 
and co-symplectic manifolds. Thus, it is natural to research a simple interpretation of Jacobi manifolds 
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by means of Dirac structures. A first approach of this problem is presented in by A. Wade. 
Taking into account that to any Jacobi structure (A, E) on M is canonically associated a generahzed 
Lie bialgebroid structure on {TM x ]R,T*Af x R) ([E]), she considers the Whitney sum £^{M) = 
{TM X R) © {T*M X R), introduces the notion of S^{M)-Dirac structures by extending the Courant's 
bracket to the space r(£^(M)) of smooth sections of £^{M) and shows that the graph of the vector 
bundle morphism (A, E)* : T*M x R ^ TM x R is a Dirac subbundle of £^{M). But the extended 
bracket does not endow £^{M) with a Courant algebroid structure. A second approach of the problem 
is the one proposed by the second author and J. Clemente-Gallardo in the recent paper j33j. They 
introduce the notions of generalized Courant algebroid (which is equivalent to the notion of Courant- 
Jacobi algebroid independently defined by J. Grabowski and G. Marmo in |10j) and of Dirac structure 
for a generalized Courant algebroid and give several connections between Dirac structures for generalized 
Courant algebroids and Jacobi manifolds. We note that the construction of 33 includes as particular 
case the one of Wade and that the main example of generalized Courant algebroid over AI is the direct 
sum of a generalized Lie bialgebroid over AI . 

In the present work, by using the results mentioned above, we establish a reduction theorem of 
Jacobi manifolds fTheorem l5.2|l . It is well known that there are already several geometric and algebraic 
treatments of the Jacobi reduction problem (see, for instance, [^0], [HJi EHIj d)- But, it is an original 
goal of the Dirac structures theory to describe Jacobi reduction and to construct a more general 
framework for the study of the related problems concerning the projection of Jacobi structures and the 
existence of Jacobi structures on certain submanifolds of Jacobi manifolds. Precisely, on the way to 
our principal result, we construct an one to one correspondence between Dirac subbundles, satisfying 
a certain regularity condition, of the double (TM x R) © {T*M x R), where M is a Jacobi manifold, 
and quotient Jacobi manifolds of AI f Theorem 14.1411 . Also, the Reduction Theorem 15.21 allows us to 
state sufficient conditions under which a submanifold N of (M, A, E) inherits a Jacobi structure, that 
include as particular cases the results presented in jTl], 

The paper is organized as follows. In sections 2 and 3 we recall some basic definitions and results 
concerning, respectively, Jacobi structures, generalized Lie bialgebroids and Dirac structures for gen- 
eralized Courant algebroids. In section 4 we establish a correspondence between Dirac structures and 
quotient Jacobi manifolds fTheorem l4.14|l . Using this correspondence and the results for the pull-backs 
Dirac structures by Lie algebroid morphisms, we prove, in section 5, a Jacobi reduction theorem (The- 
orem l5.2(l which is essentially the Reduction Theorem proved in [^01 and independently in [SH] • Finally, 
in section 6 we present some applications and examples. 

Notation : In this paper, M is a C°°-differentiable manifold of finite dimension. We denote by TM 
and T*AI, respectively, the tangent and cotangent bundles over M, C°°(Af, R) the space of all real 
C°°-differentiable functions on AI, il''(AI) the space of all differentiable fc-forms on AI and X{AI) the 
space of all differentiable vector fields on M. Also, we denote by S the usual differential operator on 
the graded space S7(M) = (Bkez^'^iM). For the Schouten bracket and the interior product of a form 
with a multi-vector field, we use the convention of sign indicated by Koszul [HIj (see also \'27\). 

2 Jacobi structures and Generalized Lie bialgebroids 

A Jacobi manifold is a differentiable manifold M equipped with a bivector field A and a vector field E 
such that 

[A, A] = -2E A A and [E, A] = 0, 

where [, ] denotes the Schouten bracket ([^OI)- In this case, (A, i?) defines on C°°(Af, R) the internal 
composition law { , }(a,£;) : C°°(M,R) x C°°(M,R) C°°(M,R) given, for aU f,gG C°°(M,R), by 

{/, g}iA.E) - A(<5/, Sg) + {fSg - gSf, E), (1) 

which endows C°°{M, R) with a local Lie algebra structure ^7], [^U], (or with a Jacobi algebra structure 
in the terminology of J. Grabowski et al. |H|, [TT)j\ 

Let {Ml, Al, El) and {M2, A2, E2) be two Jacobi manifolds and ^' : AIi AI2 a differentiable 
map. If Al and Ei are projectable by ^' on AI2 and their projections are, respectively, A2 and E2, i.e 
4',Ai = A2 and = E2, then ^' : AIi — + AI2 is said to be a Jacobi morphism or a a Jacobi map. 

When 5" : AIi AI2 is a diffeomorphism, the Jacobi structures (Ai,i?i) and (A2,i?2) are said to be 
equivalent. 
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A Lie algebroid over a smooth manifold M is a vector bundle A M with a Lie algebra structure 
[ , ] on the space T{A) of the global cross sections of A — > M and a bundle map a : A — > TM, called 
the anchor map, such that 

1. the homomorphism a : {T{A), [,]) {X{M), [, ]), induced by the anchor map, is a Lie algebra 
homoniorphism ; 

2. for all / e C°°(M,IR) and for aU X,Y e T{A), 

[X, fY] = f[X,Y] + {a{X)f)Y. 

We denote a Lie algebroid over M by the triple {A, [, ], a). For more details see, for example, ^ 
and I2Z1. 

A trivial example of a Lie algebroid over a differentiable manifold M is the triple {TM x H, [ , ], tt); 
for all {X, /), (y,.g) G T{TM x M) ^ A'(M) x C°°(M,]R), 

[(x,/),(r,.g)] = ([x,r],x.g-r./), (2) 

and TT : TAf x H ^ is the projection on the first factor. 

The Lie algebroid of a Jacobi manifold [M, A, E) is defined in jl6| as follows. Wc consider the vector 
bundle T*M x IR over M and the vector bundle morphism (A, E)* : T*M x IR ^ TM x H given, for 
any(a,/)er(T*Mx]R),by 

(A, Efiia, /)) = (A#(a) + fE, -{a, E)). 

On the space T{T*M x R) = 9}{M) x C°°{M, R) we define the Lie algebra bracket [ , ](a b) given, for 
aU(a,/),(/3,5)er(r*MxIR), by 

[(a,/),(/?,<?)](A,B) :=(7,M, (3) 

where 

7 := CA#(a)P - ^A*(f3)0! - 6{A{a, f3)) + fCsP - gCsa - isia A /?), 
h := -A(a, 13) + A(a, Sg) - A(/?, Sf) + {fSg - gSf, E). 
Then the triple (T*M x M, [ , ](a,s), tt o (A, is a Lie algebroid over M. 

For a Lie algebroid {A,[, ],a) over M, we denote by A* its dual vector bundle over M and by 
/\A*= ®f.^'^ h!' ^* the graded exterior algebra of A* . Sections of /\ A* are called A- differential forms 
(or A-forms) on M. There exists a graded endomorphism o? : T{/\ A*) — > r(/\ A*), of degree 1, of the 
exterior algebra of A-forms, called the exterior derivative, taking an A-fc-form 77 to an A-{k + l)-form 
drj such that, for all Ai, . . . , Xk+i G ^{A), 

d?7(Ai,...,Afe+i) = i:1+l{-iy+^a{X,)-r^{Xi,...,X„...,Xk+i) 

+ Si<i<j<i;+i(— 1)* ^rj{[Xi,Xj],Xi, . . . ,Xi, . . . ,Xj, . . . ,Xk+i)- 

The Lie algebroid axioms of A imply that d is a C°° {M, ]R)-multilinear superderivation of degree 1 such 
that d^ = 0. Also, we denote hy /\A = ® j.^^ A*^ ^ the graded exterior algebra of A whose sections 
are called A-multivector fields. The Lie bracket on T{A) can be extended to the exterior algebra of 
A-multivector fields and the result is a graded Lie bracket [ , ] , called the Schouten bracket of the Lie 
algebroid A. Details may be found, for instance, in ^Hl and Pp. 

Let {A,[, ],a) be a Lie algebroid over M and (p S T{A*) be an 1-cocycle in the Lie algebroid 
cohomology complex with trivial coefficients C21)i i-S- for any X,Y & r(A), 

(0, [A, Y]) = a(A)((0, Y)) - a{Ym, A)). (4) 

We modify the usual representation of the Lie algebra (T{A), [, ]) on the space C°°(M, M) by defining 
a new representation a"^ : T[A) x C°°(M,]R) ^ C°^{M,K) as 

a^A,/) = a(A)/+(,^,A)/, V (A, /) G r(A) x C°°(A/, R). (5) 
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The resulting cohomology operator d'^ : T{/\A*) ^ r{/\A*) oi the new cohomology complex is called 
the (j)- differential of A and its expression in terms of d is 

d-^j] = d'n + (l) AT], Vr; e r(/\'=A*). (6) 

d"*" allows us to define, in a natural way, the (j>-Lie derivative by X e T{A), C% : T{f\'' A*) T{/\'' A*), 
as the commutator of d'^ and of the contraction by X, i.e. = d'^ o ix + ix ° d'^ . Its expression in 
terms of the usual Lie derivative Cx = d o ix + ix ° d is, for any 77 £ r(/\'^ A*), 

C'^^i]^CxTl+{<i>,X)ij. (7) 

Using (f) we can also modify the Schouten bracket [, ] on V{/\A) to the (j)-Schouten bracket [, J"^ on 
r(A A). It is defined, for all P G r(A^ A) and Q £ r{/\'^ A), by 

[P, Q]^ - [P, Q] + {p- l)P A (i^Q) + i-lfiq - m^P) A Q, (8) 

where i^Q can be interpreted as the usual contraction of a multivector field with an 1-form. We remark 
that, when p — q = 1, [P,Q]'^ = [P,Q], i.e. the brackets [, and [, ] coincide on T{A). For a 
representation of the differential calculus using the 0-modified derivative, Lie derivative and Schouten 
bracket, see ^2 and [S]. 

The notion of generalized Lie bialgebroid has been introduced by D. Iglesias and J.C. Marrero in 
|12| in such a way that a Jacobi manifold has a generalized Lie bialgebroid canonically associated and 
conversely. We consider a Lie algebroid {A, [, ],a) over M and an 1-cocycle (p G r(yl*) and we assume 
that the dual vector bundle A* — > M admits a Lie algebroid structure ([, ]*,a,) and that W £ r(A) is 
an 1-cocycle in the Lie algebroid cohomology complex with trivial coefficients of {A*, [, ],,a,). Then, 
we say that : 

Definition 2.1 The pair ((A, 0), {A*,W)) is a generalized Lie bialgebroid over M if, for all X,Y £ 
T{A) and P £ T{/\^ A), the following conditions hold : 

dY[X,Y] = [d^X,Y]'^ + [X,dYY]'f' and C^^P + CtP^O, (9) 

where d^ and are, respectively, the W- differential and the W-Lie derivative of A* . 

An equivalent definition of this notion was presented in [H] by J. Grabowski and G. Marmo under 
the name of Jacobi bialgebroid. Precisely, they define that : 

Definition 2.2 The pair {{A, (/)), {A* ,W)) is a Jacobi bialgebroid if for all P £ r{/\^ A) and Q £ 

d7[P,Q]^ - [dTP,Q]^ + {~ir+'[P,d^Q]t 

In the particular case where = and = 0, by the above two definitions we recover, respectively, 
the notion of Lie bialgebroid introduced by K. Mackenzie and P. Xu in '25' and its equivalent definition 
given by Yv. Kosmann-Schwarzbach in jl8j . 

Remark 2.3 The property of duality of a Lie bialgebroid is also verified in the case of a generalized 
Lie bialgebroid : i.e. if {{A,(f>),{A* ,W)) is a generalized Lie bialgebroid, so is {{A* ,W), {A, <j))) (see 
|12| . [H]). Consequently, conditions of Dcfinition l2.1l as well as of Definition 12 . 21 can be replaced by their 
dual versions. 

The fundamental results of 12 , which will be used in the sequel, are the following theorems. 

Theorem 2.4 Let{M,A,E) be a Jacobi manifold. Then {{T M x R, [ , ],n,{0,l)),{T*MxR,[, ](A.£;),7ro 
{A, E)"^ , (—£^,0))) is a generalized Lie bialgebroid. 

Theorem 2.5 Let {{A, (j)), {A* , W)) be a generalized Lie bialgebroid over M . Then the bracket { , }j : 
C°°(M, R) X C~(M, R) C°^{M, R) given, for all /, g £ C7°°(M, R), by 

{f,9}j--^{d^f.d^g), (10) 

defines a Jacobi structure on M . 
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Corollary 2.6 Let {{TM x R,[, ], tt, (0, 1)), (r*A/ x 1R,[, ]^a,e),'^ ° E)* , {-E,0))) be the gener- 
alized Lie bialgebroid associated to a Jacobi manifold {M,A,E). Then, 

{/,.9}j = {/,5}(A,iJ), V/,5eC~(M,iR). (11) 

Proof : Effectively, for all f,g e C°°(Af,Il), 

{f,g}j ^ (d(°-i)/,d™'5) = ((^/,/),(-A#(5g)-gi?,(<5.g,£;))) 
= A{Sf, 5g) + {fSg - gSf, E) 5 {/, g]^f,^Ey • 

An important class of generalized Lie bialgebroids is the one of triangular generalized Lie bialgebroids 
defined, also in [21 and JHIj as follows : 

Definition 2.7 A generalized Lie bialgebroid ({A, (j)), {A* ,W)) is said to be a triangular generalized 
Lie bialgebroid if there exists P G r(/\ A) such that [P, P]*^ = 0, a* = a o W — ~P'^{(j)) and the 
Lie bracket [, ], on T{A*) is the bracket 

[a,/3]p = 4*(„)/3-4#(^)a-d^P(a,/3)), Va,/3er(A*). (12) 

A characteristic example of triangular generalized Lie bialgebroid is the generalized Lie bialgebroid 
of a Jacobi manifold (Af, A, E) (Theorem El, where [(A, P), (A, P)](0'i) = holds. 

3 Generalized Courant algebroids and Dirac structures 

The notion of generalized Courant algebroid has been introduced by the second author and J. Clemente- 
Gallardo in and independently, under the name of Courant- Jacobi algebroid, by J. Grabowski and 
G. Marmo in ^ . In this section, we recall some basic facts concerning this notion and its relation 
with Dirac and Jacobi structures. 

Definition 3.1 ([33]) A generalized Courant algebroid over a smooth manifold M is a vector bundle 
E over M equipped with : (i) a nondegenerate symmetric bilinear form {,) on the bundle, (ii) a skew- 
symmetric bracket [,] on T{E), (Hi) a bundle map p : E TM and (iv) an E-l-form 6 such that, for 
any ei,e2 G r(P), {6, [61,62]) = p(6i)(6', 62) — p{e2){6,ei) , which satisfy the following relations : 

1. for an?/ 61,62,63 e r(P), 

[[ei, 62], 63] + c.p. = X'''r(6i, 62, 63); 

2. for any 61,62 G r(P), 

p([ei,62]) = [p(6i),p(62)]; (13) 

3. for any 61, 62 G r(P) and f G C°°(Af, R), 

[ei, /62] = /[6i, 62] + (p(6i)/)62 - (61, 62)P/; (14) 

I for any f,g€C^{M,R), 

{V'f,V'g) = Q- 

5. for any 6,61,62 G r(P), 

p(6)(6i, 62) + (6*, e)(ei, 62) = ([6, 61] + V\e, 61), 62) + (61, [e, 62] + V\e, 62)). 

For any 61,62,63 G r(P), T(6i,62,63) is the function on the base M defined by 

T'(ei,62,63) = i([6i,62],63) +C.p. 

V,V^ : C°°iM,R) r(P) are the maps defined, for any f G C°°{M,R), by Vf = ^(3-^p*Sf and 
f — Vf + i//3^^(0), 13 being the isomorphism between E and E* defined by the nondegenerate 
bilinear form ( , ). In other words, for any e G r(P), 

{■Df.e)^\p{e)f and iV'^ f , e) = \{p{e) f + {9 , e) f) . 
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The above definition is based on the original definition of Courant algebroid presented in IT by 
Z.-J. Liu et al. while its equivalent definition proposed in jlt)| is based on the alternative definition of 
Courant algebroid given by D. Roytenberg in [^. Their equivalence is established in [Mi] . 

By defining, for any e € r(i?), the first order differential operator p^{e) by 

p'ie)^pie) + {e,e), (15) 

we have that ifT^ is equivalent (,33.) to 

p'{[e^,e2]) = [p\e^),p\e2)], (16) 
where the bracket on the right-hand side is the Lie bracket (|2Jl. 

Definition 3.2 A Dirac structure for a generalized Courant algebroid (E, 9) over M is a subbundle 
L <Z E that is maximal isotropic under ( , ) and integrable, i.e. T{L) is closed under [ , ]. 

It is immediate from the above definition that a Dirac subbundle L of {E, 9) is a Lie algebroid under 
the restrictions of the bracket [, ] and of the anchor p to r(L). If 6* G T{L*), then it is an 1-cocycle for 
the Lie algebroid cohomology with trivial coefficients of (L, [, ]\l,p\l)- 

We consider now a generalized Lie bialgebroid {{A, (j>), {A* ,W)) over M and we denote by E its 
vector bundle direct sum, i.e. E — A®A* . On E there exist two natural nondegenerate bilinear forms, 
one symmetric ( , )+ and another skew-symmetric ( , )_ given, for any ei — Xi + ai, 62 = X2 + a2 € 

E = A(S A*, by 

(ei,e2)± = {Xi+ai,X2+a2)± = i((ai,X2) ± {02, X^)). (17) 

On T{E), which is identified with T{A) © r{A*), we introduce the bracket |, ] defined, for all ei = 

Xi + ai, e2 = X2 + a2 e T{E), by 

|ei,e2] = lXi+ai,X2+a2j 

= {[X,,X2]f + CZ,X2 - CZ^X, - dr(ei, 62)-) + 

i[ai,a2]Z + Cia2 - Ci^ai + d^{ei,e2)-). (18) 

Finally, let p : i? ^ TAI be the bundle map given by p = a + a,, i.e., for any X + a E E, 

p{X + a)^a{X) + a4a). (19) 

The following result, which is proved in j33j . shows that the notion of generalized Courant algebroid 
permits us to generalize the double construction for Lie bialgebras (the Drinfeld double, 5 ) and Lie 
bialgebroids (j2I]) to generalized Lie bialgebroids. 

Theorem 3.3 ([33') // ((A, (/>), {A*,W)) is a generalized Lie bialgebroid over M, then E ^ A® A* 
endowed with (| , ], ( , )+, p) and 9 = (j) + W £ T(E*) is a generalized Courant algebroid over M . The 
operators T) and are, respectively, V = (rf* + d)|c°°(A/.iR) o.'n-d T)^ = {dZ + d'^)\c°°(M.R)- 

There are two important classes of Dirac structures for the generalized Courant algebroid {E, 9) — 
{A® A*,(j) + W) studied in gS]- 

The Dirac structure of the graph of an ^-bivector field : Let 51 be an yl-bivector field and 
J7# ; ^* ^ ^ associated vector bundle map. The graph of is the maximal isotropic vector 
subbundle 

L = {Q*a + a/a£A*} 

of {A®A*, ( , )+). L is a Dirac structure for {A®A*, cf) + W) if and only if satisfies the Maurer-Cartan 
type equation : 

dZ^ + \[n,^]* ^0. 

Null Dirac structures : Let D C Ahe a. vector subbundle of A and C A* its conormal bundle, 
i.e. 

={a£ A* / {a,X) = Q, -iX £ A}. (20) 
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Then, L — D®D^ is a Dirac structure for {Ai3)A*,(t)+W) if and only if D and are Lie subalgebroids 
( 24 ) of A and A* , respectively. It is clear that in this context, as in the context of a Lie bialgebroid, 
L = D Q) if and only if the skew-symmetric bilinear form ( , defined on E = A® A* by H17(l . 
vanishes on L. For this reason, L is said to be a null Dirac structure. 

A third important category of Dirac structures for {E, 9) = {A® A* + W), also studied in . 
which generalizes both the above presented categories, is : 

Dirac structures defined by a characteristic pair : We consider a pair {D, il) of a smooth 
subbundle D C A and of an A-bivector field il. We construct, following [23], a subbunlde L C A® A* 
by setting : 

L = {X + n*a + a/ X e D and a e D^} ^ D ® graph{n*\o±). (21) 

L is maximal isotropic with respect to ( , )+. The pair (Z?, f2) is called the characteristic pair of L while 
the subbundle D — Lr\{A(B {0}), also denoted hy D = L Ci A, is called the characteristic subbundle of 
L. 

For simplicity, we will assume in the sequel that D — L f) A is oi constant rank. 

Moreover, since D-^ may be considered as the dual bundle (A/D)* of the quotient bundle A/D, the 
restricted vector bundle map n*\ jy± can be seen as the bundle map associated to an A/D-bivector field. 
Hence, two pairs and (02,^2) of a smooth subbundle and of an A-bivector field determine 

the same subbundle L C A® A* (given by l(2U) if and only if 

Di^D2=:D and fl*{a) - n*{a) e D, \/a(zD^. (22) 

Let pr : T{/\ A) T{/\{A/ D)) be the map on the spaces of sections, induced by the natural projection 
A — > A/D. In order to express that the projection under pr of an A-multivector field 51 G r{/\A) 
vanishes in T{/\{A/ D)), we write Q. = Q{modD). Thus, the second condition of H22II can be written as 
rJi - fia = 0{modD). 

The conditions under which L = D (B graph{il'^\D±) is a Dirac subbundle of {A © A*, (j> + W) are 
given by : 

Theorem 3.4 (|33p Let L = D ® graph{Vt^\jji_) be a maximal isotropic subbundle o/A© A*. Then, 
L is a Dirac structure for the generalized Courant algebroid (A ® A*, + W) if and only if 

i) D is a Lie suhalgebroid of A ; 

a) dYn + ^[n,n]'i' = o{modD) ; 

Hi) D^ is integrahle for the sum bracket [,]* + [, ]si, «-e., for all a,(3 ^ T{D^), [a,/3]* + e 
T{D^), where [, ]o is the bracket determined on V{A*) by flUJ^) . 

In the particular case where {{A, </)), {A* , W)) is a triangular generalized Lie bialgebroid (Definition 
I2.7|l . Theorem 13.41 takes the following form : 

Corollary 3.5 ([33 ) Let {{A, (jj), [A* ,W), P) be a triangular generalized Lie bialgebroid and L C 
A © A* , L = D (B graph{Q,'^\]j±), a maximal isotropic subbundle of A(B A* with a fixed characteristic 
pair (D, fl). Then L is a Dirac structure for the generalized Courant algebroid {A(B A* , (jj + W) if and 
only if 

i) D is a Lie subalgebroid of A ; 
a) [P + n,P + n]'t' = 0{modD) ; 
ill) for any X G T{D), £;^(P + Q) = Q{modD). 

4 Jacobi structures and Dirac reducible subbundles 

We consider a generalized Lie bialgebroid [[A, [, ],a, (/)), [A* , [, ]*,a,,iy)) over M and we construct 
the associated generalized Courant algebroid {A® A* ], ( , )+,p,6) over M, i.e. | , ] is determined 
by l|18|) . p = a + a, and 9 = 4> + W. We introduce the notions of reducible Dirac structure for 
(A © A*, I , ], ( , p,9) and of admissible function of a Dirac structure for (A © A*, | , ], ( , p,9) in 
an analog manner as in the case of a Dirac structure for a Lie bialgebroid ( [2"2| ) . 
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Definition 4.1 We say that a Dirac subbundle L for (AQ) A* ,1, ], ( , p,9) is reducible if the image 
a{D) of its characteristic subbundle D — L Cl A by the anchor map a defines a simple foliation T of 
M. By the term "simple foliation", we mean that T is a regular foliation such that the space MjT is 
a nice manifold and the canonical projection M M/J- is a submersion. 

Definition 4.2 Let L be a Dirac subbundle for {A © ^*,|, ],(, )+,p,d). We say that a function 
f e C°°{M, m) is L-admissible if there exists Yf 6 T{A) such that Yf + d"^/ £ T{L). 

Obviously, Yf is unique up to a smooth section of i n A. We denote by C£°(M, M) the set of all 
L-admissible functions of C°°(M,]R). 

Let i C A © A* be a Dirac structure for (A © A*,! , 1, ( , )+, p, 9). On C£°(M, R) we define the 
bracket { , }l by setting, for ah /,g e C|°(A//,]R), 

{f,9}L:^P%ef)g, (23) 

where e f = Yf + d"^ f . An equivalent expression of H23|l is : 

{f,g}L = {Yf,d'f'g} + {f,g}j, (24) 

where { , }j is the bracket (I1Q|) of the Jacobi structure on M defined by the generalized Lie bialgebroid 
structure {{A, (j>), {A* ,W)) over M. Effectively, 

{f,9}L ^ p\ef)g^{{a'^ + a^){Yf+d^f))g^a^{Yf)g + af{d'^f)g 

= {Yf^dfg) + (d^/, df 5) ^ {yf,d'^9) + {/, 9}J- 

It is easy to check that (|23|l or equivalently (|24|l is well defined. In fact, if Yj- = Yf + X, with 
X e r{L nA), is an other section of A such that e'f = Yf + d'^f G T{L), we have 

(r;, d^g) + {/, g}j ^ {Yf + X, d^g) + {/, g}j = {/, g}^ + (X, d^ g) = {/, g}^, 
since, L being isotropic, {X + 0, + d'''g)+ = ^ (X, d'>'g) = 0. 

Proposition 4.3 The space Cf^{M, M) endowed with the bracket { , }l, given by \2!^) . is a Lie algebra. 

Proof : We must prove that C|°(M, H) is closed under {, }l and that {, }l is a bilinear, skew- 
symmetric bracket which satisfies the Jacobi identity. 

Closeness o/{, }l in C^{M,IR) : Let f,g C£°(M, M) be two L-admissible functions. Then, there 
exist Yf,Yg e T(A) such that Cf =Yf + d'^f^Cg ^Yg + d'^g eT{L). We consider the bracket |e/, Cgj ; 
according to (|18|l . its component in T{A*) is : 

We have ([12), 

= -^r/'^^^ = -d'^{dYf,d'^9) = -d^gjjj = d'^{f,9}j 

and, on the other hand, 

L^d^g - Ct^ d^f + d'^{ef,eg). ^ -d^{ef,eg)^ = -d'^{ef,eg). + d^{ef,eg)+ = d^{Yf,d^g). 

=0 

Thus, 

which means that {/, 5}l is an L-admissible function, i.e. {/, 5}l G Ci°(-M^j 11): and that we can take 
|e/,eg] = ey^g}^. 
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Bilinearity and skew- symmetry of : It is obvious that { , }l is bilinear. Also, for any / G 

C£°(M,]R), we have (e;,e/)+ = ^ {Yf,dtf) = 0, so {/, /}l 1* + {/,/},; = + = 0, 

which implies the skew-symmetry of { , }l- 

Jacobi identity : By a straightforward, but long, calculation we get that, for any f,g,h G C£°(Af, H), 
the Jacobi identity holds : 

{/, {.9, + {5, {h. + {ft, {/, g}L}L = 0. 

Hence, (C£°(M, R), { , }l) is a Lie algebra. • 

In the particular case where the constant function 1 is an L-admissible function, C£° (M, IR) equipped 
with the usual product of functions " • " is an associative commutative algebra with unit and { , }l is a 
first order differential operator on each of its arguments. In fact, 1 G C|°(Af, R) means that there exists 
Yi G T{A) such that Fi + d"^! = Yi + G T(L). Then, for any /,g G C£°(M, IR), / • 5 G C£°(M,Il) 
since, for Yfg = fYg + gYj - fgYi G r(A), F/,, + d^{fg) G r(L). Moreover, for any f,g,he Cf (M, H), 

{f,9h}L ^ {Yf,d^{gh)) + {f,gh}j 

= (F/, ffdft + hdg + gH) + /»} j + /^{/, g}j - gh{f, l}j 

= rf^ft) + {/, h]j) + h{{Yf,d^g) + {/, g]j) - gh{{Yf,4>) + {/, 1},,) 

= g{fML + h{f,g}L~gh{f,l}L 

and by the skew-symmetry of { , }l we obtain the desired result. Consequently, 

Theorem 4.4 // 1 is an L-admissihle function, then {Cf^{M, ]R), { , }l) is a Jacobi algebra. 

The above result generalizes the one of A. Wade (,35 ) for the f ^(M)-Dirac structures. 

In the following wc will establish the characteristic equations of a Dirac structure (see, also, 

Lemma 4.5 Let L be a Dirac structure for (A © ^*,|, 1,(, )+,p,9), zu : A Q) A* ^ A and zu^ : 
^4©^* —> A* the natural projections from A(BA* onto A and A* , respectively. Then, kertzfji = LClA* 
and ker nj, |i = LCi A. Also, 

w{L)^=LnA* and ro,(L) = (L n A)^. (25) 

Proof : We denote by Lx, Ax and A* the fibers over x G M of L, A and A*, respectively. It is 
clear that, at each point x G M, kerci7|i^ = Cl A* and ker to* j^^ — Cl A^, thus dim(kern7|i^) = 
dim(La;nA*) and dim(ker tn*|i^) = d\ia{LxC\Ax). Also, at each point x G M, m{Lx)^ = Lx^^A*^ and 
Wf.{Lx) = {LxC\Ax)^. Effectively, if Q!(a;) G LxCiA^, then 0-|-a(a;) G Lx, thus, for any F(x)+/3(a;) G Lx, 
(0 -I- a{x),Y{x) + P{x))+ = <^ {a{x),Y{x)) = that implies that a{x) G w{Lx)^, i.e Lx Ci A*x C 
zu{Lx)'^, and by a dimension count we conclude the equality. Analogously, we prove the second equation 
of (125(1 for the fibers over x. Since the above results hold at each point x G M, we get that the 
characteristic equations ((25|l of L hold. • 

Lemma 4.6 The constant function 1 is an L-admissible function if and only if, for any Y G r(D), 

(0,r)=O. (26) 

Proof : In fact, if 1 G C|°(Af,IR), then there exists Yi G r{A) such that Yi + d'I'l = Yi + (p e r{L). 
Also, for every Y G T{D), F + G r(i) and {L, ( , )+) is maximal isotropic. Thus, for any Y G T{D), 
(Y + 0,Yi + = 4=^ (0, F) = 0. Conversely, we suppose that, for any Y G T{D), {(l),Y) = 0; 
then we will prove that 1 G C£°(Af, R). Effectively, if 1 is not an L-admissible function, then, for 
any Yi G r(A), Yi + d'^1 = Yi + 4> is not a section of L, fact which implies that cj) is not a section of 

zu^{L) ^ {L n A)^ = D^. Therefore, there exists Y G T{D) such that {<j), Y) ^ 0; contradiction. • 

Proposition 4.7 Let L C A(B A* be a reducible Dirac structure for {A ® A* J, { , p,d) and T 
the simple foliation of M defined by the distribution a{D), D = L H A, on M. If 1 is an L-admissible 
function, then f G C£° (M, IR) if and only if f is constant along the leaves of J- . 
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Proof : Let / be an L-admissible function, i.e. there exists Yf G r(A) such that Yf +d'^ f G r(L), and 
X E T{a{D)) a section of the distribution a{D). X G r{a{D)) means that there exists Y G T{D) such 
that X = a{Y) and Y G r(Z3) means that y + G r(L). Since L is maximahy isotropic, 

(Y + 0,Yf + d*f)+ = ^ {d*f, Y) = {)^ {dj, Y) + /((/), r) = 1* (<5/, a(r)) = ^ (<5/, X) = 0. 

By the last equation, which holds for any X G T{a{D)), we get that / is constant along the leaves of 
JF. Conversely, let / be a function on M constant along the leaves of i.e., for any X G T{a{D)), 
(Sf^ X) = 0. But, X G T{a{D)) means that there exists Y G T{D) such that X = a{Y). Thus, for any 
X G T{a{D)), X = a(r) with Y G r(D), 

(5/, X) = 4^ {5f, a{Y)) = ^ (d/, y) = # (d/ + /(^, y) = ^ (d^/, y) = o, (27) 

for any Y G r(Z3). If / is not an L-admissible function, then, for any Z G r(^), Z + d"^/ is not a 

section of L. So, rf"^/ is not a section of VJ.^,{L) — [Lf] A)-^ = D-^. Therefore, there exists Y G T{D) 
such that {d'^f, Y) ^ 0; contradiction. • 

By the above study we conclude : 

Theorem 4.8 Let L be a reducible Dirac subbundle for {A © A*, | , ], ( , )+, p, 9). We suppose that 1 
is an L-admissible function. Then L induces a Jacobi structure on M/ T defined by the Jacobi bracket 
{ , }l, which is given by \2c!\) or \24^ . 

By applying Theorem l4.8l to the case of the generalized Lie bialgebroid defined by a Jacobi structure 
(A, i?) on M fTheorem l2.4f) we deduce : 

Corollary 4.9 Let {M,A,E) be a Jacobi manifold, {{TM x R,[, ], tt, (0, 1)), (T*Af x R,[, ](A,£;),7ro 
(A, i?)"^, (— .E, 0))) the associated generalized Lie bialgebroid and L a reducible Dirac structure for the 
generalized Courant algebroid {{TM x M) ® {T*M x JR), |, ],(, ) + , tt + tt o (A, £:)#, (0, 1) + (-^^,0)). 
We suppose that 1 is an L-admissible function. Then L induces a Jacobi structure on MjT, where T 
is the foliation of M defined by the distribution tt{D), D ^ LCl (TM x ]R), which is exactly the Jacobi 
structure defined by { , }i . 

Remark 4.10 In the context of Corollarv l4.9l the condition "1 is an L-admissible function" is equiv- 
alent to the one "D has only sections of type {X,0) with X G T{TM)". In fact, according to Lemma 

Ol 1 G C£°(M,]R) if and only if, for any (XJ) G r{D), {{0,1), {X, f)) ^ ^ f = 0. 
Taking into account Corollarv l2.6l Definition 14. 21 and H24|l . we can easily establish : 

Proposition 4.11 Under the assumptions of Corollary \4-.y{ 

1. ifL = graph{A', E')* is the graph of a {TM x E)-bivector field (A', E') on M, then Cf{M, M) = 
C°°{M, R) and, for all f,g€ Cf^{M, M), 

{f, 9}l = {/, g}{A',E') + {/, 9}{A,E) ; (28) 

2. ifL^DoD^isa null Dirac structure, then C^{M, M) = {f £ C°°{M, M) / {6f, f) G T{D^)} 
and, for all /, g G C^{M, IR), 

{f.9}L^{f,9}iK,E)\ (29) 

3. if L ^ D® graph{A', E')*\jj± is defined by a characteristic pair {D, (A', E')), then C'^{M, R) = 
{/ G C^{M, R) I {6f, f)eT{D^)} and, for all f,ge C'^{M, R), 

{f, g}L = {/, g}{A',E') + {f, 9}{A,E)- (30) 

In what follows, we will prove that in the context of "generalized Lie bialgebroids - Jacobi structures", 
as in the context of "Lie bialgebroids - Poisson structures" (\22\]. the converse result of CoroUarv 14.91 
also holds. 
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Theorem 4.12 Let {M,A,E) be a Jacobi manifold, J- a simple foliation of AI defined by a Lie sub- 
algebroid D C TM x Si that has only sections of type (^,0) and {-Am/j^, Em/j^) a Jacobi structure 
on the quotient manifold M/J-. Then {M/J-,Am/j^tEm/j^) defines a reducible Dirac structure L in 
{TM xE)® (T*M X R) such thatLn{TM x R) = D, I e C^iM, R) and the Jacobi structure induced 
by L on MjT , in the sense of Corollary \4.9\ is the initially given (Ajv/yjc, _B^///jr). 

Proof : We make the proof in several steps. 

First step : Let D C TM x H be a Lie subalgebroid of [TM x H, [ , ] , tt) , which has only sections of 
type (X, 0), such that 7r(Z?) defines a simple foliation of M and let be its conormal bundle : 

= {(a,.g)eT*MxIR/((a,.g),(X,0)} = (a,X)=0, V(X,0)eL>} 

= t:{D)^ X R. (31) 

We suppose that the quotient manifold MjT is endowed with a Jacobi structure [AmittEmit] 
we denote by p : M ^ MjJ^ the canonical projection. 

Second step : We keep under control the fact that p : M ^ M/J- is not a Jacobi map by defining a 
"difference" bracket { , }i : C°°(Af/J^, R) x C'°°(Af/J^, R) ^ C°°(M,]R) as follows : 

{f,9}i=P*{f,9}M/r-{p*Lp*9}(K,E), y f,geC^{MlT,K). (32) 

Obviously, { , }i is a bilinear, skew-symmetric, first order differential operator on each of its arguments. 
Thus, { , }i induces a skew-symmetric bilinear form (Ai,i?i) on T*{M/T) x ]R so that, for all f,g G 
C"^{M/T, R), 

{f,g}i^Ai{Sf,Sg) + {f6g-gSf,Ei). 
In turn, (Ai,£;i) induces a vector bundle map {Ai,Ei)* : T*{M/T) x R ^ T{M/T) x R. But, 

im 

T*{M/T) X R ^ 7r(L>)-^ x R = L>-^ and T{M/T) x R 9^ {TM/tt{D)) xM = [TM x M)/D. 
Consequently, we can consider that {Ai,Ei)* : {TM x R)/D. 

Third step : We denote by pr : TM x R ^ {TM x R)/D the natural projection and we define a 
subbundle L C {TM x R) © {T*M x R) by 

L = {{X,f) + {a,g) e {TM x U) (B D^- / pr{X, f) - {A^, E,)* {a, g)}. (33) 

By construction, L is maximally isotropic, C£°(M, R) ^ C°°{M/T, R) and 1 G C|°(M, R). Effectively, 
by a straightforward calculation we show that, for any ei — {Xi, fi) + {ai,gi),e2 — (^^2, /2) + (a2, .92) G 
L, (61,62)+ = and / e C£°(Af,R) ^ d^°'^'> f = {SfJ) G T{D^) = T{T*{M/T) x R) ^ / e 
C°^{MIT, R). Obviously, 1 G Cf{M, R) since (0, 1) G V{D^) = r(T*(M/J^) xR). Also, by Definition 
01 / e C^{M, R) if and only if there exists {Yf.ipf) e r{TM x R) such that e/ = {Yf , ip/) + {Sf, f) e 
r(L). Hence, we have that T{L) is spanned by all the sections of the type /i6/, where h G C°°(M, R) 
and / G C|°(Af, R). To verify the integrability of L, it suffices to verify the closeness of the bracket 
I, ] for the sections of L of the form Cf = (Yf^Lpf) + {Sf,f) with / G C£°(Af, R), since, according to 
ifTljl and because L is isotropic, 

l6/, hcgj = ^[e/, 6gl -t- {p{ef)h)eg - {ef,eg)+Vh 

= /l[6/,6gl + (p(6/)/l)6g, 

for all e/,6g G r(L), with f,gG C£°(M,R), and h G C°°(M,R). 

Let /, 5 G C£°(M, R) be two L-admissible functions. Since C£°(M, R) ^ C°^{M/T, R), {/, G 
Cf(Af,R),i.e there is (i1;/,g}„,,, ^{/,,}„,,) G r(TMxR) such that 6{/,,}„^^ = (n/.slM/.. ^{/.sIm/.) 
+ {Hf,9}M/j-Af,9}M/j^) G r{L). Wc show that 

{f,9}M/^^p'{ef)g^:{f,g}L. (34) 

Effectively, 

{/, 5}l = /(6/)ff = [(^(°'^^ {n o (A, i?)#)(-^.")) ((F/, ^^.) + {Sf, f))]g 

- (r/ + ^/+A#(J/) + /i?-(5/,i?))g 

= ipr{Yf,(pf) +the component of {Yf,ipf) on D)g + {/,5}(a,_e) 

= (((5g, g), (Ai, £;i)#(5/, /)) + {/, g}(^^E) 
= + {/,5}(A,iJ) 

m rr . 

= {j,9iM/J^- 
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On the other hand, since {, Iaz/jt is a Jacobi bracket, thus it verifies the Jacobi identity, for any 
f,g,hGCr{M,-R)^C°-{M/T,n), 

= p\ej){p<>{eg)h) - p%eg){p\ef)h) - p^(e{/,,},,^ J/i 

{/, {5, h}M/J^}M/J^ ~ {9, {/, h}M/J^}M/J^ - {{/, 9}m/j^, h}M/J^ 
0. (35) 
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From the proof of Proposition^^! we have that the component of |e/, eg] in r(T*Mx]R) is S-^'^^{f^ sIm/j^i 
therefore [e/, ej - e^/^gj^^^^ e r(rM x M). So, ^ means that /([e/, e^] - e{/,g}^^^^) eT{D). But 

pMe/,eg] - ey^g}^,^^) = 7r(o^i)(|e/, Cg] - e{/,g},,/^) = Ie/,egl - e{/,g}„^^ and V{D) C r(L). Conse- 
quently, |e/,eg] — e^j gjj^^^^ £ r(L) which imphes |e/,eg] £ r(L), whence the integrability of L. 

For the constructed L, L n (TM x R) = {(X,/) + (0,0) G (TM x IR) ® {(0, 0)} /pr(X, /) = 
(Ai,£;i)#(0,0)} = {(X,/) e TM X Mlpr{X,f) = (0,0)} = D and the induced Jacobi structure on 
MjT^ in the sense of Corollarv l4.9l is the initially given {t^j^jjjr^Ej^fijr') (see, (I34f) '). • 

Remark 4.13 The condition "£> /las on/?/ sections of type (X, 0)" is indispensable in order to ensure 
that the constant function 1 is an L- admissible function for the constructed L. In the opposite case, 
i.e if D has at least one section of type {X, f) with / 7^ 0, we will have that there exists at least one 
section of D, the section (X,/), such that ((0, 1), {X,f)) ~ f ^ and, according to Lemma IT?)! this 
implies that 1 is not an L-admissible function. Hence, (C|°(Af, H), { , }l) can not be a Jacobi algebra 
and C£°(M,]R) does not coincide with C'^{M/T,'R). Thus, for a Lie subalgebroid D of TM x IR 
that has at least one section {X, f) with / 7^ we can not construct a reducible Dirac subbundle 
L C {TM x M) © (T*M X ]R) which induces, in the sense of Corollary Ol a Jacobi structure on M/T. 

In conclusion, we have proved : 

Theorem 4.14 Let (M,A,E) be a Jacobi manifold. There is a one-one correspondence between re- 
ducible Dirac subbundles of the generalized Courant algebroid {{TM x J?) {T*M x IR), | , ], ( , )+, tt + 
TTo (A, E)"^ , (0, 1) + {—E, 0)) for which 1 is an admissible function and quotient Jacobi manifolds AI/J- 
of M , where T is a simple foliation of M defined by a Lie subalgebroid D C TM x IR that has sections 
only of type {X,0). 

Remark 4.15 If, in the proof of Theorem l4.12l p : {M, A, E) {M / !F, Am/j^, Em/j^) is a Jacobi map, 
then (Ai, _Ei) ~ (0, 0). Hence, in this case, L — D (B is a null Dirac structure. Thus : 

Corollary 4.16 A Lie subalgebroid D C TM x IR which has only sections of type (^,0) defines a 
simple foliation T of (Af, A, E^ such that p : {M, A, E) {M/ J^, A^f/jr, Em/:f) <^ Jacobi map if and 
only ifL = D®D^. 

Remark 4.17 In the case where D — {(0,0)}, a Jacobi structure on MjT = Af is a new Jacobi 
structure (A', £") on M and the constructed L is the graph of (A' — K^E' — E). Since, by construction, 
L is a Dirac subbundle of {TM x R) © {T*M x R,), (A' -A,E'~ E) is a Jacobi structure on M (|231), 
fact which implies that (A, E) and (A', £") are compatible Jacobi structures in the sense of \A2\ . 



A geometric interpretation of Corollary 13.51 : In the context of this paragraph, CoroUarv 13 . 51 can 
be formulated as : Let {M, A, E) be a Jacobi manifold, {{TM x R, (0, 1)), {T*M x R, {-E, 0)), (A, E)) 
the associated triangular generalized Lie bialgebroid over M and (A', E') a {TM x R)-bivector field such 
that L^ D® graph{{A',E')*\D±) is a maximal isotropic subbundle of {TM x R) © {T* M x R) with 
fixed characteristic pair {D, {A',E')). Then L is a Dirac structure for {{TM x R)®{T*M x R), (0, 1) + 
{^E, 0)) if and only if 

(i) D is a Lie subalgebroid ofTM x R ; 

(ii) [{A + A',E + E'),{A + A',E + E')]^^'^'^=Q{modD) ; 

(lii) for any {XJ) e r{D), c'-°/UA + A',E + E') = 0{modD). 
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If L — D (B graph{{A' , -B')*I-D^) is a reducible Dirac structure and 1 is an L-adniissible function, after 
the proofs of Theorems 14 . 81 and 14 . 1 21 we get that condition (iii) is equivalent to that {A + A' ,E + E') 
can be reduced to a [TM xWC)/D = {T{M/T) x ]R)-bivector field on M/T and the condition (ii) is 
equivalent to the fact that the reduced bivector field is a Jacobi structure on MjT . Furthermore, by 
Proposition 14. 1 II fcase 3) we get that the induced Jacobi structure on MjT is exactly the one defined 
by the bracket of L- admissible functions. Consequently, it is the Jacobi structure induced on MjT by 
L in the sense of Corollarv l4.9l 

5 Dirac structures and Jacobi reduction 

In this paragraph, we will establish a Jacobi reduction theorem in terms of Dirac structures. For its 
proof, we need to adapt the results concerning the pull-back Dirac structures of a Lie bialgebroid (|22j) 
to the pull-back Dirac structures for a generalized Lie bialgebroid. 

Proposition 5.1 Let he a Lie algebroid over a differ entiable manifold Mi with an 1-cocycle, 

((>l2j 02), (^2> ^2)) -P2) OL triangular generalized Lie bialgebroid over a differentiate manifold M2 and 
$ : — > A2 a Lie algebroid morphism of constant rank, which covers a surjective map between the 
bases, such that $*(02) — <Pi- Then the following two statements are equivalent. 

1. There exists a Dirac structure for the triangular generalized Lie bialgebroid ((Ai, (A^, 0), 0) 
whose characteristic pair is (ker$,Pi) and ^{Pi) = Pj- 

2. ImPf C Im$. 

We note that, since <^ : Ai ^ A2 is a Lie algebroid morphism such that ^*{(j)2) = 0i then, for any 

P€T[f\^Ai) andgerCA'^i), H[P,Qf') = [HP),^{Q)]^'- 

Proof : According to Corollarv l3.5l it suffices to show that the following two statements are equivalent. 

1. There exists Pi e r(A^ ^i) such that $(Pi) = P2 and 

(a) ker <i> is a Lie subalgebroid of Ai ; 

(b) [0 + Pi,0 + Pi]'*i =0(mo(iker$) <^ [Pi,Pi]"^i = 0(TOodker $) ; 

(c) for any X e r(ker $), C^^' (0 + Pi) = 0{modkeT $) ^ (Pi) = O(modker $). 

2. ImP2* C Ini$. 

Obviously, ker $ is a Lie subalgebroid of Ai since, for all X,Y e T{kei $), ^{[X, Y]) = [^{X), ^{Y)] = 
[0,0] = 0, which means that [X,Y] € r(ker$). On the other hand, the subbundle ker<i>-'- = {a e 
Al I {a,X) = 0, G ker*} of A* can be identified with the dual bundle (Ai/ker<i>)* of ^i/kcr*. 
Also, ker <!>-'- = Im$*, where : A2 ^ A\ is the dual map of $. Effectively, it is clear that, Im$* C 
ker <!>-'- and, since $ is of constant rank, dimlm$* = dim ker ^-"^ , thus Im(f>* = ker*!'-'- = (Ai/ker<i>)*. 
Hence, $* : ^ (Ai/ker<i>)* is a surjective map, i.e., for any ai,/3i e r((Ai/ker$)*), there exist 
a2,/32 G r(yl^) such that ai = $*(a2) and (3i = $*(/32)- If there is some Pi e r(A^(Ai/ ker $)) which 
is ^-related to P2, i.e. <I>(Pi) = P2, then it should be defined, for all ai,/3i G r((Ai/ker$)*), by 

Pi(ai,/3i) =P2(a2,/32). 

It is clear that Pi is well-defined if and only if ker$* C kerPj'^, or equivalently, if and only if ImPi' C 
Im$. Let Pi be an arbitrary representative of Pi in r(A^ ^i)- Since $ : ^i ^ A2 is a Lie algebroid 
morphism such that ^*{(t>2) = <t>i and ((^2, 02 ), (^2; ^2), P2) is a triangular generalized Lie bialgebroid, 
we have that 

$([Pi,Pi]'^0 = MPi),^{Pi)]^^ - [P2,P2]'^^ = ^ [Pi,Pi]*^ = O(mo(iker$). 

Moreover, for any X G r(ker$), 

$(/:;^^Pi) = $([X,Pi]'^i) = [$(X),$(Pi)]'*^ = [0,$(Pi)]'^^ ==0 ^ C'^^Pi EE (mod ker 

Consequently, there exists Pi G r(A^ ^i) such that $(Pi) = P2 and (ker (f>. Pi) defines a Dirac structure 
for the triangular generalized Lie bialgebroid {{Ai, 0i), {A\,Q), 0) if and only if ImP2* C Im<I>. • 
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Reduction of Jacobi manifolds : Let (A/, A, E) be a Jacobi manifold, N C M a, submanifold of 
M and i : N ^ AI the canonical inclusion, D C TM x IR a Lie subalgebroid of {TM x H, [ , ] , tt) 
that has only sections of type {X,0) and Dq = D {TN x H). We suppose that D and Dq define, 
respectively, a simple foliation T of M and a simple foliation !Fq of N and we denote by p : M ^ M/T 
and po '■ N —>■ N/ J-q the canonical projections. Thus, we have the following commutative diagram : 

N ^ M 

Pol IP (36) 

N/To ^ M/T 

Since any leaf of J-q is a connected component of the intersection between N and some leaf of we 
can always suppose, under some clean intersection condition, that Lp : N / MjT is an immersion, 
locally injective. 

We consider L = D (B and we suppose that L is a null Dirac structure for the triangular 
generalized Lie bialgebroid ((TM x R,, (0, 1)), (T*M x H, {-E, 0)), (A, E)) . By the hypothesis on D, 
we have that L is also reducible and that 1 is an L-admissible function. Then, by CoroUarv 14.91 we 
get that L induces a Jacobi structure (Aj(,f/jr, Em/t) on MjT and by CoroUarv 14.161 and Remark 14.151 
we obtain that p : (M, A, i?) (JXl j T ^Kuj t-,Emit) is a Jacobi map. We consider the triangular 
generalized Lie bialgebroids {{T{M/T) x M, (0, 1)), {T*{M/T) x H, {-Em/j^, 0)), {I^m/j^, Em/j^)) over 
M/T and {{TN x R, (0, 1)), {T*N x M, (0, 0)), (0, 0)) over N. We note that any function / G C°°{N, M) 
can be seen as the image by {p o i)* of a function / G C°°(M/^, H), i.e f = [p o i)*f- Since ^ is a 
regular foliation, p has constant rank, thus the map p o i : N MjT has also constant rank. Hence, 
the apphcation $ : x ]R ^ T{M/T) x R, = {TM x K)/D defined, for any (X, /) G T{TN x B,), 
/ = (p o z)*/ with / G C^{MIT, H), by 

<I'(X,/) = ((poz),X,/), (37) 

can be considered as a Lie algebroid morphism of constant rank such that $*(0, 1) ~ (0, 1) and ker<f> — 
D n {TN X M) = Dq. Therefore, by ProDOsition l5.ll there exists a pull-back Dirac structure Lq for the 
triangular generalized Lie bialgebroid {{TN x IR, (0, 1)), {T*N x H, (0,0)), (0,0)) with characteristic 
pair {Dq, {An, En)) satisfying ^{An,En) = {Am/j^, Em/j^) if and only if lm{AM/j^, Em/j^)* C Im$ 
holds on T{M/T) x H, i.e. 

T{{^AM/:F.EM/r)*{D^)) ^ {{{poi),XJ) / X ^T{TN) ^nA f ^ C°^{M/T,U)}. (38) 

But, p : {M,A,E) {M / T,AM/r,EM/j^) being a Jacobi map, {Am/j^, Em/j^) ^ p*{A,E). Thus, on 
the submanifold N C M, by identifying i^,{TN) with TA^, condition (|38() is equivalent to 

{A,E)*{D^) CTN xlR + D. (39) 

On the other hand, since D — tt{D) x {0}, D^ — ti{D)^ x M, consequently, (|39|l is equivalent to 

A#(7r(i:>)^) C TAr + 7r(7:>) and E\n (^T{TN + ti{D)). (40) 

Also, since Lq ^ Dq ® graph{AN ,En)*\d^ is a reducible Dirac structure of {{TN x IR) © {T*N x 
IR),(0, 1) + (0,0)) and 1 G C|;j;(A^, IR), it induces a Jacobi structure (Ajy/jr,,, -Eat/jtJ on N/Tq (see, 
CoroUarv 14. 9|l such that {An/j^,-,, En/j^o) = pq^,{An, En) (see, CoroUarv 13.51 and its geometric interpre- 
tation). By the above results and by the commutativity of the diagram l|36|l . we obtain : 

{^m/j^,Em/:f) = ^{^n,En) 

= {{poi)^AN,{poi)^EN) 

= {{(popq)^An,{(Popq)*En) 

= {(P*{pq*An),(P*{po*En)) 

= {'P*-^N/3^o''P*En/J^o) 

= ^^{AN/ro.EN/ro). (41) 

which means that Lp : (A^/jFo, Ajy/jr,,, i?Ar/jrp) {AI / J-, Aj^j^jr, Ej^f /jr) is a Jacobi map. 
The above study led us to the following theorem : 
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Theorem 5.2 (Reduction Theorem of Jacobi manifolds) Let {M, A, E) be a Jacobi manifold, 
N Q M a submanifold of M, D C TM x ]R a Lie subalgebroid of [TM x J?, [, ],7r) that has only 
sections of type {X, 0) and Dq = 00 {TN x ]R) . We suppose that D and Dq define, respectively, a 
simple foliation T of M and a simple foliation of N and that L = D (B L)^ is a reducible Dirac 
structure for the triangular generalized Lie bialgebroid (^ {TM x IR, (0, 1)), {T*M x M, {—E, 0)), (A, E)^ . 
Then, the following two statements are equivalent. 

1. There exists a Jacobi structure {Aj\j/jr^,Epf^jr^) on N/J-q such that 

p*{A,E) = (p^{AN/jr^-,,EN/^g). 

2. A#(7r(D)-L) CTN + tt{D) holds on N and E\n G T{TN + t:{D)). 
Remarks 5.3 

1. We remark that, in the context of the Reduction Theorem 15. 21 the initial Jacobi manifold {M, A, E) 
and the reduced Jacobi manifold (N/J-q, Ajv/jFq, Ep^/yr^) are connected by means of the Jacobi manifold 
{M/J-,Am/j^,Em/j^) with two Jacobi maps. 

2. Reduction Theorem holds for any reducible Dirac structure L C {TM x H) © {T*M x H) having 
a characteristic pair {D, (A', E')), i.e. L = D (B graph{{A', E')^\jj±), such that D has only sections of 
type (AT, 0), so 1 G Cf^{M,'R). Effectively, by Corollary 14 . 91 we get that L induces a Jacobi structure 
{Am/:FiEm/:f) on M/T which is exactly the induced Jacobi structure by (A + A' ,E + E') (see, the 
geometric interpretation of Corollarv l3.5|l . If {Am/j^, Em/j^) verifies (I38II or, equivalently, (A + A' ,E + 
E') verifies (14011 . then, by Proposition 15.11 there exists a pull-back Dirac structure io for {{TN x 
R, (0,1)),(T*A^ x IR, (0,0)), (0,0)) with characteristic pair {Do,{An,En)) such that ^{An,En) = 
(Ajvf/jp-, Em/j^)- The reducible Dirac subbundle Lq C {TN x R) © {T*N x R) induces a Jacobi structure 
{^N/j^o'^N/j^o) on N/Tq and 

Pq*{An, En) = (Ajv/jc-Q, iJjv/jc-Q). 

Applying the calculus of ||1T)) to the relation {Am/^iEm/j^) = ^{-^NjEm), we conclude that (p : 
N/J^o — > M/ T is always a Jacobi map. But, the projection p : M ^ MjT is a Jacobi map if and only 
if L is a null Dirac structure, fact which is equivalent to (A', E') = 0{modD). 

3. As we have mentioned in introduction, there are already several works treating the Jacobi reduction 
problem. These results are, grosso-modo, equivalent to the ones established by the second author in 
PU) and, independently, by K. Mikami in |23. They establish a geometric Reduction Theorem for 
Jacobi manifolds by extending the previous one proved by Marsden and Ratiu for Poisson manifolds 
|28| . without mentioning Dirac structures. Precisely, they prove : 

Theorem 5.4 Let {M,A,E) be a Jacobi manifold, N a submanifold of M and A a vector subbundle 
of T^M such that : (i) IS. C\TN defines a simple foliation Tq of N ; (ii) for any f , g ^ C°° {M , IR) with 
differentials 5f and Sg, restricted to N, vanishing on A, the differential 5{f, g}(^j^^^j, restricted to N, 
vanishes on N . Then, (A, E) induces a unique Jacobi structure (Ajv/jFqj E^/jr^) on N/J-'q if and only if 
A#(A-L) C TN + A holds on N and E\n G r(rA^ + A). The associated bracket of {Apf/jr^,EN/jrJ on 
C°° {N / J^Q, IR) is given, for any fo,go G C°° {N / Tq, IR) and any differentiable extensions f of foopQ and 
9 of go o pq with differentials 6f and Sg, restricted to N, vanish on A, by {/o, 5o}(Ajv/^„,-Bjv/^-o) ° Po — 
{f,g}(A,E} ° h where po : N ^ N/J-q is the canonical projection and i : N ^ M is the canonical 
inclusion of N into M. 

We remark that the above Theorem is slightly different from Theorem l5.2l In Theorem 15 .21 we suppose 
that we have two simple foliations, a foliation J- of the initial phase space M determined by tt{D) and 
a foliation JTq of the considered submanifold N of M determined by tt{Dq) = tt{D) D TN, while in 
Theorem 15 .41 we only suppose that we have a subbundle A of T^M such that A n TN defines a simple 
foliation of N, also denoted by Tq. But, in both Theorems, the reducibility condition 

A#(7r(i:>)^) C TiV + 7r(i:>) holds on and E\n e r{TN + n{D)) 

is exactly the same. Thus, it is natural to ask : What is the advantage of using Dirac structures in the 
study of Jacobi reduction problem ? The answer can be founded in Remarks 1 and 2 of this paragraph. 
By using reducible Dirac structures in this study, we establish the existence, not only, of a reduced 
Jacobi manifold {N/Tq, Ajy/jr^, E^/j^g), but also of a quotient Jacobi manifold {M/Tq, Aj^.f/jr^, Ej^.[^jr^.^) 
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which is always related with (A^/^o, ^jv/jf^o' ^a'/^o) means of a Jacobi map ; very important fact 
when we treat reduction problems. On the other hand, this study, in this framework, allows us to 
investigate, in a future paper, the Dirac reduction problem and its relation with the one of Jacobi, 
Poisson and symplectic structures. 

6 Applications and Examples 

1. Jacobi submanifolds : From Theorem 15.21 we obtain sufficient conditions under which a Jacobi 
structure (A, E) on a differentiable manifold M induces a Jacobi structure on a submanifold N oi M. 
Effectively, under the assumptions of the above mentioned theorem, if Dq — Dr\{TNx'R) — {(0, 0)} and 
(A, E)*{D-^) C TNxn+D holds on N, then there exists a (TiV x Il)-bivector field (Aat, En) on N such 
that Lq = Do®graph{AN , Eis!)'^\j-i± = graph{AN , E^)"^ is a reducible Dirac structure for the triangular 
generalized Lie bialgebroid {{TN x R, (0, 1)), {T*N x R, (0,0)), O) and ^An,En) = (Am/^, -Ba//^)- 
But, the fact "Lq = graph{AN , En)* is Dirac for {{TN x M, (0, 1)), {T*N x M, (0, 0)), O) " is equivalent 
to the fact "{An, En) is a Jacobi structure on N" (see Proposition 5.2 in [33]) and 

{Am/j^, EM/r) = *(Aa', En) ^ p*{A, E) = {po i)4AN, En) 

^ P,{{A,E)-i,{An, En)) ^{0,0). 

By the last equality we conclude either that (A, E) — i^{AN, En) = (0, 0) <^ (A, E) — i^{AN, En), i.e. 
i : {N, An, En) {M, A, E) is a Jacobi map, or that A — i^An + ^ ^ ^'^^ ^ = i*-Ejv + X, 

where Xj,X e r{TT{D)), Y, e r{TM), j = l,...,k, are convenient vector fields such that [A, A] = 
-2£'A A and [E,A] = 0. 

Particular cases 

a) When D = {(0,0)}, then = T*M x R, and they verify the assumptions of Theorem 15.21 
Condition Dq = DCi {TN x R.) {(0, 0)} is automatically satisfied and the reducibility condition 
(|in|) takes the form 

A*{T*M) CTN on N and E\n G T{TN), 

which is exactly the condition given in 4^ and for the submanifolds N of {M, A, E) of the 
first kind. 

b) When D = (A, E)*{{TN x R)-^), we have that D has only sections of type {X, 0) if and only if 
E\n e T{TN) and Dq ^ D n {TN x R) = {(0,0)} if and only if TN n A*{TN^) = {0}. Thus, 
under the assumptions 

TN n A* {TN^) ^ {0} on N and E\n eT{TN), (42) 

by a simple calculation wc show that D = A* {TN^ ) x {0} is a Lie subalgebroid of {TM x R, [ , ] , tt) 
if and only if A belongs to the ideal generated by the space of smooth sections of TN. Also, since 
A*{{A*{TN^))^) C TN and E\n G T{TN), it is easy to prove that = {A*{TN^))^ x R is 
a Lie subalgebroid of {T*M x R, [ , ](a,_e), tt o (A, E)*). 

Consequently, if (|^ holds and A belongs to the ideal generated by the space of smooth 
sections of TN, then we have that the requirements of Theorem 15. 21 as the reducibility condition 
H39|l are verified, therefore (A, E) induces a Jacobi structure on N. We note that conditions (|42|l 
are exactly those given in . 

2. Reduction of Jacobi manifolds with symmetry : Let (A/, A, E) be a Jacobi manifold, G a 
connected Lie group acting on M by a Jacobi action, Q the Lie algebra of G, Q* the dual space of Q and 
J : M ^ Q* an Ad* -equi variant moment map for the considering action. Let D be the vector subbundle 
of TM X R formed by the pairs {Xm, 0), where Xm is the fundamental vector field on M associated to 
an element X ^ Q, and its conormal bundle which is = {Xm & TM / X e Q}^ x H. It is easy 
to check that D and D-^ are Lie subalgebroids of {TM xR, [, ],7r) and (r*M xR, [, ](a_b), tto (A, £:)#), 
respectively. (For D-^, we take into account that the action of G on M is a Jacobi action, thus, for 
any fundamental vector field Xm on M, Cxm^ — and Cxm^ = 0.) Consequently, L = D (B D-^ is a 
Dirac subbundle of {{TM x R) ® {T*M x R), (0, 1) + {-E, 0)). We suppose that is a weakly regular 
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value of the moment map J. Hence, N = J~^(0) is a submanifold of M and Dq = D D {TN x R) = 
{{Xm,0) / X & Qo}, where Qo is the Lie algebra of the isotropy subgroup Go of 0. Also, we suppose 
that Tr{D) and 7r(Z?o) define, respectively, a simple foliation T of M and a simple foliation JTq of N. 
Since, (A, E)*{D^) C TN x R, + D holds on N, from the Reduction Theorem [Owe get that (A, E) 
induces a Jacobi structure on N/!Fo. For more details, see HH] and [TT] . 
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